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High-order harmonic generation by femtosecond laser pulse in the presence of a moderately strong
terahertz (THz) field is studied under the strong field approximation, showing a simple proportion-
ality of near-cutoff even-order harmonic (NCEH) amplitude to the THz electric field. The formation
of the THz induced-NCEHs is analytically shown for both continuous wave and Gaussian pulse. The
perturbation analysis with regard to the frequency ratio between the femtosecond laser pulse and
the THz field shows the THz-induced NCEHs originates from the first-order correction, and the
parametric conditions for the phenomenon is also clarified. As the complete characterization of the
time-domain waveform of broadband THz field is essential for a wide variety of applications, the
work provides an alternative time-resolved field-detection technique, allowing for a robust broadband
characterization of pulses in THz spectral range.
I. INTRODUCTION
The development of terahertz (THz) technology has
motivated a broad range of scientific studies and appli-
cations in material science, chemistry and biology. The
THz light is especially featured by the availability to ac-
cess low-energy excitations, providing a fine tool to probe
and control quasi-particles and collective excitations in
solids, to drive phase transitions and associated changes
in material properties, and to study rotations and vibra-
tions in molecular systems [1].
In THz science, the capabilities of ultra-broadband
detection are essential to the diagnostics of THz field
of a wide spectral range. The most common detec-
tion schemes are based on the photoconductive switches
(PCSs) [2, 3] or the electro-optic sampling (EOS) [4].
Especially, the EOS technique, which uses part of the
laser pulse generating the THz field to sample the latter,
has been widely applied in the THz time-domain spec-
troscopy (THz-TDS) [5], conducting the pump-probe ex-
periments and dynamic matter manipulation.
Nevertheless, both the PCSs and EOS require particu-
lar mediums — photoconductive antenna for the former
and electro-optic crystal for the latter. Due to inherent
limitations of the detection media, such as dispersion,
absorption, long carrier lifetime, and lattice resonances
[6], the bandwidth of THz detected and capabilities for
real-time detection is limited of typical bandwidth < 7
THz [7–11].
On the other hand, gas-based detection scheme al-
lows for the ultra-broadband detection, with the spec-
tral range extending up to or beyond 10 THz, assuming
∗ yantm@sari.ac.cn
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that the pulse duration of the employed ultrafast laser
is sufficiently short. Gases are continuously renewed,
do not show appreciable dispersion, and lack phonon
resonances due to the absence of an ordered structure
[12]. Among such schemes, it is worth mentioning air-
breakdown coherent detection [13], air-biased coherent
detection [14] (ABCD), optically biased coherent detec-
tion [15], and THz radiation enhanced emission of flu-
orescence [16]. In particular, ABCD exploits a third-
order nonlinear process named electric-field-induced sec-
ond harmonic (EFISH) generation. Here, the superposi-
tion of the THz radiation and a bias electric field breaks
the symmetry of air and thus induces the frequency dou-
bling of a propagating optical probe beam. Such a non-
linear mixing results in a total EFISH beam intensity
containing a term directly proportional to the THz elec-
tric field. By modulating the bias electric field and per-
forming heterodyne detection via a lock-in amplifier, it is
possible to isolate and record such a linear term, thus re-
constructing both amplitude and phase of the THz tran-
sient.
The broadband THz detection using laser induced gas
plasma, in which the plasma itself serves as the THz
wave sensor medium, is essentially an inverse process
of THz generation in two-color femtosecond gas break-
down plasma. The laser induced gas plasma involves
rather complicated processes dominated by the strong
field photoionization. In this sense, the two-color field
induced THz wave generation (TWG) has been interpre-
tated under the framework of strong field theory as the
continuum-continuum transition [17–19], complementary
to the continuum-bound transition mechanism for high-
order harmonic generation (HHG) [20], i.e., the emssion
of high energy photon when the released electron recol-
lides with the parent ion after the ionization.
Under the same theoretical framework of strong field
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2physics, with different origins but within the same sys-
tems, the TWG and the HHG present the different facets
of the strong field dynamics, which may be used to either
characterize the system or to profile the external light
fields. For example, the angular TWG and HHG from
aligned molecules can be jointly measured, providing a
reliable and complete descriptions of molecular structures
[21]. Given an attosecond pulse train, its time structure,
e.g., pulse duration of individual harmonic, can be effi-
ciently characterized by applying a streaking terahertz
field, sparing extra temporal scans [22].
In addition, the presence of the THz or static fields may
significantly alter the radiation of HHGs by affecting the
photoionization dynamics. Calculations based on single-
atom have revealed the influence of THz or static elec-
tric fields on HHG sprctrum. The emission of even-order
harmonics and the increased yields in the lower plateau
region has been demonstrated when multi-cycle infrared
(IR) laser pulses are used as the driving field [23]. With
higher intensity THz or static electric fields, the exten-
sion of the cutoff has been observed producing a double-
plateau-structured spectrum [24–26], A static field added
to the basic pump modifies photoelectron trajectories in
the continuum that leads to a high-frequency extension
of harmonic spectrum. Using few-cycle laser pulses, the
addition of the THz field can create a supercontinuum in
the spectra enabling the production of single attosecond
pulses (SAP) [27]. With chirped IR driving pulses the
created supercontinuum, theoretically, can support 10 at-
tosecond short SAPs [28]. In calculations predicting the
production of SAPs however the used amplitude of the
THz or static electric field has been higher than what is
achievable experimentally, and the used laser pulses were
at most 6 fs long [27, 28]. The experimentally obtained
100 MV cm−1 electric field requires very tight focusing of
the THz beam. Moreover, when propagation effects are
taken into account, the THz field helps devise a grating
technique by which only a single attosecond burst can be
phase matched, thus selecting a SAP from the attosecond
pulse train [29].
In this work, we present schematics of using the near-
cutoff even-order harmonics (NCEHs) to reconstruct the
time-domain THz wave. The influence of the THz field
on NCEHs is theoretically investigated, showing the re-
lation between the THz wave and the HHG. The detailed
analytical derivation based on the Lewenstein under the
strong field approximation confirms the availability of
the detection scheme. Similar to the TFISH, NCEHs
provides an alternative all-optical ultrabroad bandwidth
scheme to characterize the time-domain THz wave.
II. SCHEME OF COHERENT DETECTION
AND NUMERICAL SIMULATIONS
We consider an atom subject to combined fields in-
cluding a linearly polarized femtosecond laser pulse E0(t)
and a THz field E1(t). With both polarizations along the
same direction, the total fields read E(t) = E0(t)+E1(t).
Denoting the associated vector potentials by A(t) =
A0(t) + A1(t), we evaluate the harmonics using the
Lewenstein model [20] under the strong field approxima-
tion (SFA) [30–32], which is usually applicable in the
tunneling regimes, providing a reasonable and intuitive
description of harmonics irradiated from highly energetic
recolliding electrons. The time-dependent dipole moment
d(t) in Ref. [20] under the SFA as an integration over the
intermediate momentum can be dramatically simplified
by applying the stationary phase approximation, yielding
d(t) = i
ˆ ∞
0
dτ
(
pi
+ iτ/2
)3/2
µ∗[pst(t, τ) +A(t)]
×µ[pst(t, τ) +A(t− τ)]E(t− τ)e−iS(t,τ) + c.c.,(1)
where integration variable τ is the return time of the
electron, i.e., the interval between the instants of ion-
ization and rescattering. In this work, atomic units
are used unless noted otherwise. The dipole matrix
element µ(k) = 〈k|xˆ|Ψ0〉 between bound state |Ψ0〉
and continuum state |k〉 of momentum k is given by
i∂k〈k|Ψ0〉 along the polarization direction. Taking |Ψ0〉
the 1s state of a hydrogen-like atom for example, µ(k) =
−i27/2(2Ip)5/4k/[pi(k2 +2Ip)3], where Ip is the ionization
potential. In Eq. (1), the action reads
S(t, τ) =
ˆ t
t−τ
dt′
(
1
2
[pst(t, τ)−A(t′)]2 + Ip
)
, (2)
and the stationary momentum pst(t, τ) = −[α(t)−α(t−
τ)]/τ is determined by the electron excursion α(t) =´ t
dt′A(t′) after the electron is released by external light
fields. The subsequent spread of the continuum electron
wave packet is depicted by [pi/ (+ iτ/2)]3/2 in the inte-
gral of Eq. (1) with an infinitesimal .
Evaluating d(t) of Eq. (1) and the harmonics |d˜(ω)|
from its Fourier transform, we demonstrate in Fig. 1
the all-order harmonics as a function of the time de-
lay between a near-infrared pulse and a THz field. The
near-infrared pulse has the vector potential of a Gaus-
sian envelope, A0(t) = (E0/ω0)e−t
2/(2σ2) sin(ω0t), with
ω0 = 0.0353 (1.3 µm), E0 = 0.06 (intensity I = 1.3×1014
W/cm2), σ = 2106 (FWHM of 120 fs). The THz field
is modeled by A1(t) ∝ −(E1/ω1)(ω1t)−10/[exp(a/ω1t)−
1] sin(ω1t+ φ) with a = 50, E1 = 2× 10−5 (100 kV/cm),
ω1 = 2 × 10−4 (1 THz) and φ = 0.3pi, and the corre-
sponding electric field E1(t) = −∂tA1(t) is shown in Fig.
1(a).
When the THz field is absent, Fig. 1(b) shows |d˜(ω)|
in the logarithmic scale with a typical plateau structure
between the 20th- and the 80th-order. The harmonic
yield dramatically decreases beyond the cutoff around
80th-order, as depicted by the maximum kinetic energy of
a recolliding electron, Ecutoff = Ip + 3.17Up, where Up =
E20/4ω
2
0 is the ponderomotive energy of the electron.
When the THz field is present, the full scope of all-
order |d˜(ω)| in the logarithmic scale versus the time de-
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Figure 1. Schematics of the reconstruction of THz field with
near-cutoff even-order harmonics, which uses a femtosecond
laser pulse to scan over a THz field and to record the gen-
erated harmonics as a function of the time delay between
the fields. Panel (a) shows an exemplary THz field with
ω1 = 2 × 10−4 (1 THz), and E1 = 2 × 10−5 (100 kV/cm).
Without the THz field, panel (b) shows the harmonics gen-
erated by a femtosecond pulse with ω0 = 0.0353 (1.3 µm),
E0 = 0.06 (I = 1.3 × 1014 W/cm2) and σ = 2106 (FWHM
of 120 fs). With the THz field, panel (c) shows the all-order
harmonics versus the time delay. The difference ∆|d˜(ω)| be-
tween the harmonics with THz field, as given in (c), and the
one without THz field, as shown in (b), is presented in panel
(d) in the linear scale. All near-cutoff even-order harmonics,
as indicated by the box around Ecutoff = Ip+3.17Up, exhibits
synchronous change with the intensity of the THz field.
lay is presented in Fig. 1(c). To better observe the in-
fluence from the accompanied THz field, the difference
between |d˜(ω)| with and without THz field, ∆|d˜(ω)|, is
shown in Fig. 1(d) in the linear scale, with positive
and negetive values indicated by distinct colors. A close
scrutiny reveals most of the nonvanishing ∆|d˜(ω)| shown
in (d) appear at even orders. In the low-order region,
the second-order harmonic follows the change of THz in-
tensity similar to the phenomenon utilized by TFISH,
though the applicability of the model in this low-order
region is dubious. As the harmonic order increases, the
delay dependence of harmonics loses the regularity and
the distribution seems rather chaotic. When the har-
monic order increases up to the near-cutoff region, the
delay-dependent harmonic yields, however, again follow
the time profile of |E1(t)|. Such a concurrence is notewor-
thy, since it provides an alternative detection strategy to
characterize an arbitrary time-domain THz waveform.
III. ANALYSIS OF NEAR-CUTOFF
EVEN-ORDER HARMONICS
A. Monochromatic light field
Before the analysis of THz induced modulation on
NCEHs, we retrospect the simplest case where the HHG
is induced by a monochromatic continuous wave of the
form E(t) = E0 cos(ω0t) and the vector potential A(t) =
A0 sin(ω0t) with E0 = −A0ω0 [20]. For concision, defin-
ing phases ϕt = ω0t and ϕτ = ω0τ , we have pst(ϕt, ϕτ ) =
A0[cosϕt − cos(ϕt − ϕτ )]/ϕτ , and the action of Eq. (2)
reads
S0(ϕt, ϕτ ) = F0(ϕτ )−
(
Up
ω0
)
C0(ϕτ ) cos(2ϕt − ϕτ )(3)
with Up = E20/4ω20 = A20/4 the ponderomotive potential,
F0(ϕτ ) =
(
Ip+Up
ω0
)
ϕτ −
(
2Up
ω0
)
1−cosϕτ
ϕτ
, and
C0(ϕτ ) = sinϕτ − 4 sin
2(ϕτ/2)
ϕτ
. (4)
Here, the subscript "0" in S0 is used to la-
bel the action without the influence from an ex-
tra companied field (i.e., the THz field as disscused
in the subsequent sections). Applying the Anger-
Jacobi expansion, the exponential part e−iS0(t,τ) af-
ter the substitution of Eq. (3) reads e−iS0(ϕt,ϕτ ) =
e−iF0(ϕτ )
∑∞
M=−∞ i
MJM
(
Up
ω0
C0(ϕτ )
)
eiM(ϕτ−2ϕt).
In Eq. (1), the part including dipole matrix el-
ements µ∗[pst(ϕt, ϕτ ) + A(ϕt)]µ[pst(ϕt, ϕτ ) + A(ϕt −
ϕτ )]E(ϕt − ϕτ ) can be represented by Fourier series∑
n bn(ϕτ )e
−i(2n+1)ϕt with respect to ϕt. For simplicity,
we assume the dipole moment of the form µ(p) ∼ ip,
leading to mostly vanishing bM except for ones with
2n+ 1 = ±1 and ±3.
Applying the above expansions and substituting n =
K −M , Eq. (1) eventually has the form
d0(t) =
∞∑
K=−∞
d˜0,2K+1e
−i(2K+1)ϕt . (5)
For K > 0, the coefficients for odd-order harmonics are
given by
d˜0,2K+1 =
ˆ ∞
0
dτ
(
pi
+ iτ/2
)3/2
e−iF0(ϕτ )
×
∞∑
M=0
iMeiMϕτJM
(
Up
ω0
C0(ϕτ )
)
bK−M (ϕτ ),(6)
while coefficients of all even-order harmonics simply van-
ish in the monochromatic incident field due to the re-
stricted values of M as long as the atomic potential is
spherically symmetric.
4B. THz field induced NCEHs
An extra THz field of the same polarization direc-
tion, A1(t), induces even-order harmonics. In the fol-
lowings, the detailed analysis of NCEHs are presented to
show their relations with the THz field. Defining pst,0
(pst,1) the stationary momentum for a single field A0(t)
[A1(t)], the stationary momentum when both field are
present satisfies pst = pst,0 + pst,1. Also, let Si(t, τ) =
1
2
´ t
t−τ [pst,i +Ai(t)]
2
+ Ipτ be the single action for the
ith field and note that
´ t
t−τ Ai(t
′)dt′ = pst,iτ , the total
action S(t, τ) relates Si(t, τ) by
S(t, τ) = S0(t, τ) + [S1(t, τ)− Ipτ ]
−pst,0pst,1τ +
ˆ t
t−τ
A0(t
′)A1(t′)dt′. (7)
Given the vector potential of the THz field A1(t) =
A1 cos(ω1t + φ) with ω1  ω0 and φ an arbitrary ini-
tial phase, we define ω1 = εω0 with ε  1. Substituting
A0(t) and A1(t) into Eq. (7), we retain terms of S(t, τ)
only up to the first order of ε, showing that the first-
order correction comes completely from cross terms of
(7) (i.e., the last two terms), while the contribution from
S1(t, τ) − Ipτ is merely O(ε2). Now the yielding action
is S(ϕt, ϕτ ) ' S0(ϕt, ϕτ ) + ∆S(ϕt, ϕτ ), where the THz-
induced correction reads
∆S(ϕt, ϕτ ) = −pst,0pst,1τ +
ˆ t
t−τ
A0(t
′)A1(t′)dt′ (8)
' εA0A1
ω0
sinφC1(ϕτ ) cos
(
ϕt − ϕτ
2
)
(9)
with C1(ϕτ ) = ϕτ cos(ϕτ/2)− 2 sin(ϕτ/2).
The contribution from ∆S(ϕt, ϕτ ) can also be pro-
cessed with Anger-Jacobi expansion, e−i∆S(ϕt,ϕτ ) =∑∞
N=−∞ i
NJN
(
−εA0A1ω0 sinφC1(ϕτ )
)
eiN(
ϕτ
2 −ϕt), and
the expansion for the exponent of the full action is now
given by
e−iS(ϕt,ϕτ ) = e−iF0(ϕτ )
∞∑
M,N=−∞
iM+NJM
(
Up
ω0
C0(ϕτ )
)
×JN
(
−εA0A1
ω0
sinφC1(ϕτ )
)
×ei(M+N2 )ϕτ e−i(2M+N)ϕt .
The part including the dipole matrix elements can be ex-
panded in the similar way as for the monochromatic field,
µ∗[pst(ϕt, ϕτ ) +A(ϕt)]µ[pst(ϕt, ϕτ ) +A(ϕt−ϕτ )]E(ϕt−
ϕτ ) =
∑
M bM (ϕτ )e
−i(2M+1)ϕt . It is noteworthy that
the expansion with respect to e−i(2M+1)ϕt is still appli-
cable since the electric field E(ϕt − ϕτ ) ' E0(ϕt − ϕτ ),
negelecting the relatively small THz electric component.
Substituting e−iS(ϕt,ϕτ ) and dipole matrix elements
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Figure 2. The function 2|C0(ϕτ )| (solid line) and |C1(ϕτ )|
(dashed line) versus ϕτ of the return time. The maximum
of the 2|C0(ϕτ )| is associated to the maximum kinetic energy
gain that corresponds to the cutoff energy of the HHG, as
indicated by the black line for 3.17Up.
into Eq. (1), we obtain
d(t) = i
∞∑
n=−∞
ˆ ∞
0
dτ
(
pi
+ iτ/2
)3/2
bn(ϕτ )e
−iF0(ϕτ )
×
∞∑
M,N=−∞
iM+NJM
(
Up
ω0
C0(ϕτ )
)
×JN
(
−εA0A1
ω0
sinφC1(ϕτ )
)
×ei(M+N2 )ϕτ e−i[2(M+n)+N+1]ϕt + c.c.. (10)
The near-cutoff harmonics are usually featured with re-
stricted range of ϕτ , as the photon energy within the
range 2.4Up < 2|C0(ϕτ )| < 3.17Up requiring ϕτ ∈ [3, 5]
(see, e.g., Fig. 1 of Ref. [20]), corresponding to the
first return of the released electron. With a small ϕτ ,
the globally increasing function C1(ϕτ ) is small, result-
ing in the whole argument of JN being small. Taking
a typical 800 nm, 1 × 1014 W/cm2 femtosecond pulse
and 1 THz, 1 MV/cm THz field for example, the ar-
gument in JN (z) is roughly |z| ≈ 0.3. Since JN (z)
becomes exponentially small when N > |z|, the domi-
nant contributions come from that of N = 0,±1 when
the typical value of the argument is |z| < 1. Using
JN (z) ' (z/2)N/Γ(N +1) when z → 0 [33], we find from
Eq. (10) that d(t) = d0(t) + d1(t) + O(ε2), where d0(t)
of Eq. (5), the dipole moment in a monochromatic field,
stems from the contribution of N = 0 as J0(z) = 1, and
d1(t) is the THz-field-induced correction corresponding
to N = ±1 as J±1(z) = ±z/2. The latter yields
d1(t) =
∞∑
K=−∞
d˜1,2Ke
−i(2K)ϕt
containing only even-order harmonics, whose coefficients
5are given by
d˜1,2K = ε
A0A1
2ω0
sinφ
ˆ ∞
0
dτ
(
pi
+ iτ/2
)3/2
×e−iF0(ϕτ )C1(ϕτ )
∞∑
M=0
iMeiMϕτJM
(
Up
ω0
C0(ϕτ )
)
×
[
bK−M (ϕτ )e−
i
2ϕτ + bK−M−1(ϕτ )e
i
2ϕτ
]
+ c.c..(11)
The prefactor of d˜1,2K thus suggests the NCEH be pro-
portional to the amplitude of the THz field E1, showing
a simple relation between NCEHs with the THz field.
In addition, the initial phase φ between the pair of con-
tinuous waves also tunes the amplitudes of even-order
harmonics, showing a sinusoidal dependence of NCEHs
on φ.
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Figure 3. Emission of harmonics under a continuous wave
laser field of ω0 = 0.0353 and E0 = 0.06 (1.3 µm, 1.3 × 1014
W/cm2) accompanied by a THz field of ω1 = 3.53×10−4 and
E1 = 2× 10−5 (2.3 THz, 100 kV/cm). The |d˜(ω)| (blue line),
evaluated from the Fourier transform of d(t) as the direct
numerical integration of Eq. (1), is compared with analytical
formula, Eq. (6) and Eq. (11), for odd-order (green) and
even-order (orange) harmonics, respectively. The even-order
harmonics are maximized with initial phase φ = pi/2.
Fig. 3 presents the comparison of harmonics |d˜(ω)|
from numerical integration of Eq. (1) with analytical
formula, Eq. (6) and Eq. (11), for odd- and even-order
harmonics, respectively, when initial phase φ = pi/2 is
used to maximize the yield of even-order harmonics. The
harmonics |d˜(ω)| of odd-orders agree with analytical so-
lutions of Eq. (6) for a monochromatic continuous wave,
showing an extra THz field barely influences odd-order
harmonic generation, which corresponds to N = 0 for
JN (z) as analyzed above. On the other hand, the yields
of even-order harmonics are typically lower than their
odd-order counterparts due to the small ratio of frequen-
cies ε in the prefactor of Eq. (11). The derived solution
of Eq. (11) also presents a perfect agreement with the
numerical result for NCEHs, showing the validity of the
assumed conditions that only JN (z) of N = ±1 con-
tribute. Eq. (11) even works in a broader parametric
range than expected — it correctly describes all even-
order harmonics above 40th-order, which corresponds to
a much lower energy than the cutoff.
The above analysis establishes the basis for NCEHs
generation. In the following, the envelope effect of an
actual laser pulse will be presented to account for the
time-resolving capacity of the femtosecond laser pulse in
THz detection.
C. Effect of pulse envelope
The envelope of a femtosecond laser pulse should be
considered in practice. It is expected that the temporal
locality specified by the envelope plays an esstential role
in determining the wave form of the THz field at exactly
the time of pulse center. In this section, we first discuss
the envelope effect on harmonics in the absence of the
THz field.
Assuming the vector potential has a Gaussian-
envelope, A(t) = A0e−t
2/(2σ2) sin(ω0t), with the
time center at t = 0 and the pulse width σ,
the excursion of the electron is given by α(t) =
−A0e−
(ω0σ)
2
2
√
pi
2σIm
[
erf
(
t√
2σ
+ iω0σ√
2
)]
with the error
function erf(z) = 2√
pi
´ z
0
e−t
2
dt. Substituting into Eq.
(2), we find the action
S0(t, τ) = Ipτ + Upe
−( tσ )
2
√
pi
2
σG
(
t√
2σ
,
ω0σ√
2
,
τ√
2σ
)
(12)
where
G(x, y, η) = Re[ei4xyg(x− iy, η)− g(x, η)]
−
√
2pi
η
[
Imei2xyg
(
x− iy√
2
,
η√
2
)]2
,
and
g(z, η) = w
(
i
√
2z
)
− e4η(z−η/2)w
(
i
√
2(z − η)
)
(13)
with w(z) the Faddeeva function defined by w(z) =
e−z
2
[1− erf(−iz)].
In comparison with the action for a continuous wave,
Eq. (3), which can be recast as S0(ϕt, ϕτ ) =
Ip
ω0
ϕτ +
Up
ω0
Φcw with phase Φcw = ϕτ − 2ϕτ (1 − cosϕτ ) −
C0(ϕτ ) cos(2ϕt − ϕτ ), the action (12) for a Gaussian-
enveloped pulse takes the similar form, S0(ϕt, ϕτ ) =
Ip
ω0
ϕτ +
Up
ω0
(
e−(
ϕt
ϕσ
)
2
Φgauss
)
, with Φcw replaced by a
Gaussian-windowed one e−(
ϕt
ϕσ
)
2
Φgauss and Φgauss =√
pi
2 ϕσG
(
ϕt√
2ϕσ
, ϕσ√
2
, ϕτ√
2ϕσ
)
. Here, all notions of phases
ϕt = ω0t and ϕτ = ω0τ are still used for consistency. Be-
sides, we have introduced ϕσ = ω0σ. A common factor of
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Figure 4. Contributing phases in actions as a function of ϕt
are compared between continuous wave and Gaussian enve-
lope. Parameters ϕσ = 50 and ϕτ = 4 are used which are
typical for the generation of NCEHs.
Gaussian e−(
ϕt
ϕσ
)
2
in Eq. (12) specifies a filtering window
whose center concides with that of the femtosecond pulse.
A pictorial analysis on the difference of actions between
the continuoius wave and the Gaussian-enveloped pulse
is presented in Fig. 4. The curves of both Φcw and Φgauss
contain the same dominant oscillating components versus
ϕt, proportional to cos(2ϕt − ϕτ ). Within the region of
interest, i.e., around the center of the Gaussian window,
the difference between Φgauss and Φcw is that the oscil-
lating amplitude of Φgauss increases with ϕt while that of
Φcw remains constant. The increase becomes much more
significant with decreasing ϕσ. On the contrary, when
ϕσ is sufficiently large, the amplitude of Φgauss flattens,
approaching Φcw. That is, when the pulse is infinitely
long, i.e., ϕσ → ∞, Eq. (12) for a Gaussian envelope
degenerates to Eq. (3), the action for a monochromatic
continuous wave laser.
Fig. 5 shows the comparison of harmonics generations
between using a continuous wave and using Gaussian-
enveloped femtosecond pulse. With the same femtosec-
ond laser parameters as considered for the continuous
wave (ω0 = 0.0353, E0 = 0.06), the result in Fig. 5(a) is
actually a zoom-in spectrum of Fig. 3 around the near-
cutoff energy, while Fig. 5(b) shows the one with a Gaus-
sian envelope of σ = 100 fs. The |d˜(ω)| at each odd-order,
for either without or with envelope effect, is highlighted
by orange curve, showing the similar distributions of odd-
order harmonics. The action (12) modified by the finite
pulse width, which has also been numerically examined,
however, contains extra frequency components, leading
to multiple sidebands in Fig. 5(b) around the original
odd-order harmonics. In the following the THz field com-
bined with Gaussian-enveloped pulse is analyzed to show
the role of temporal locality in THz field reconstruction.
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Figure 5. Effect of pulse envelope on harmonic generation.
The panels show the near-cutoff harmonics under (a) a contin-
uous monochromatic laser of the same parameters used in Fig.
3, and (b) a Gaussian-enveloped pulse of σ = 1755 (FWHM
of 100 fs). The red marks label all harmonics of odd-orders,
whose distribution is highlighted by orange curves. Black
dashed lines indicate Ecutoff.
D. THz induced NCEHs under Gaussian-enveloped
pulse
The above discussions allow for a straightforward ex-
tension to consider the harmonic generation under a
Gaussian-enveloped femtosecond laser pulse accompa-
nied by a THz field. Let A(t) = A0e−t
2/(2σ2) sin(ωt) +
A1 cos(ω1t + φ) be the vector potential of the com-
bined fields. As presented in Sec. III B, the cor-
responding action Eq. (7) eventually takes the form
S(t, τ) ' S0(t, τ) + ∆S(t, τ), where S0(t, τ) is given by
Eq. (12) for a Gaussian pulse as presented in Sec. III C,
while the correction ∆S(t, τ) derives from the cross term
−pst,0pst,1τ +
´ t
t−τ A0(t
′)A1(t′)dt′. Similar to Sec. III B,
denoting the ratio between frequencies ε = ω1/ω0, solv-
ing ∆S(t, τ) yields
∆S(t, τ) = −A0A1
2
√
pi
2
σe
−
(
t√
2σ
)2
Im[eiϕtK(ϕt, ϕσ, ϕτ )],
where
K(ϕt, ϕσ, ϕτ ) = 2 cos
[
ε
(
ϕt − ϕτ
2
)
+ φ
]
sinc
(
ε
ϕt
2
)
g0
−e−i(εϕt+φ)g+ − e+i(εϕt+φ)g−
with g0 ≡ g
(
z√
2
, η√
2
)
, g± ≡ g
(
z√
2
± iεϕσ2 , η√2
)
defined
by function g(z, η) of Eq. (13). Here, arguments z and
η are dimensionless compositions of time variables, z =
1√
2
(
ϕt
ϕσ
− iϕσ
)
and η = ϕτ√
2ϕσ
. With a small ε, the series
expansion of K(ϕt, ϕσ, ϕτ ) with respect to ε up to the
first order results in
K(ϕt, ϕσ, ϕτ ) ' −2
√
2εeiϕtϕσ sinφΞ(z, η),
7where
Ξ(z, η) =
(
z − η
2
)
g
(
z√
2
,
η√
2
)
− 1− e
2η(z− η2 )√
pi
.
Hence the action is given by
∆S(t, τ) ' √piA0E1e−
(
ϕt√
2ϕσ
)2
sinφσ2Im[eiϕtΞ(z, η)].(14)
With a typically large value of ϕσ when the femtosecond
laser of several tens of optical cycles is used, the Faddeeva
function w(z) ' iz√
pi(z2−1/2) if |z|2 > 256 [34]. Using the
approximation and explicitly expanding the imaginary
part in ∆S(t, τ), the full expression can be rearranged
by trigonometric functions, whose coefficient, each as a
polynomial of time variables, can be further simplified
by retaining only the highest order of ϕσ. Eventually, we
find
∆S(t, τ) ' A0E1
2ω20
e
−
(
ϕt√
2ϕσ
)2
sinφ
×
{
−ϕτ cosϕt + 2 sinϕt − e
ϕtϕτ
ϕ2σ [ϕτ cos(ϕt − ϕτ ) + 2 sin(ϕt − ϕτ )]
}
(15)
When the pulse duration is sufficiently long, e
ϕtϕτ
ϕ2σ ' 1,
∆S(t, τ) approaches
∆S(t, τ) ' −A0E1
ω20
e
− ϕ
2
t
2ϕ2σ sinφC1(ϕτ ) cos
(
ϕt − ϕτ
2
)
,(16)
recovering the action (9) under continuous waves as dis-
cussed in Sec. III B, except for the presence of an extra
prefactor e−
t2
2σ2 that serves as a temporal window.
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Figure 6. Comparison of |d˜(ω)| evaluated from results of di-
rect numerical integration of Eq. (1) (blue) and analytically
derived action, S = S0 + ∆S, with S0 and ∆S given by
Eqs. (12) and (16), respectively. As considered in Fig. 5,
the same parameters of femtosecond pulse are used except
σ = 2106 (FWHM of 120 fs). The THz field is parametrized
by ω1 = 1× 10−4, E1 = 2× 10−5 and φ = pi/2.
Fig. 6 shows the comparison of near-cutoff harmon-
ics evaluated by direct numerical integration of Eq. (1)
with that obtained by applying the action of analyti-
cal form, S(t, τ) = S0(t, τ) + ∆S(t, τ), with S0(t, τ) and
∆S(t, τ) given by Eqs. (12) and (16), respectively. The
comparison presents a rather good agreement, justify-
ing the analytically derived action with the assumed ap-
proximations. Comparing with harmonics in Fig. 5(b)
without THz field, it is shown that the odd-order har-
monics are dominantly determined by S0(t, τ), as those
harmonics in both Fig. 5(b) and Fig. 6 are almost the
same, though odd-order harmonic peaks in the latter are
slightly sharper due to the use of longer pulse width of the
femtosecond laser. In Fig. 6, however, NCEHs emerge,
clearly indicating that even-order harmonics orginate
from the THz-induced correction ∆S(t, τ).
From Eq. (16), following the similar procedure of anal-
ysis in Sec. III B, the reasoning behind the generation
of NCEHs in a field with envelope is straightforward.
Within the temporal window specified by the Gaussian
envelope, the strength of NCEHs is approximately pro-
portional to THz field strength exactly at the center of
the envelope. In other words, under the influence of the
THz field that induces even-order harmonics, the fem-
tosecond pulse with a filtering temporal window maps the
instantaneous strength of THz field onto that of NCEHs,
allowing for a complete characterization of the THz time-
domain spectrum with the femtosecond pulse scanning
over the THz field.
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Figure 7. Near cut-off harmonics without THz field (blue) and
with THz field (orange) when (a) φ = pi/2 and (b) φ = pi. The
inset of each panel shows the time center of femtosecond pulse
(blue) relative to that of the THz field (orange) for different φ.
Marks "◦" (“×”) label the even-order harmonics with (with-
out) the THz field. The position of Ecutoff is indicated by the
black dashed line. The same parameters as in Fig. 6 are used.
Fig. 7 shows the dependence of NCEHs on initial phase
φ, or equivalently, the pulse center of the femtosecond
laser relative to the electric component of the THz field.
When φ = pi/2, the factor sinφ = 1 in Eq. (16) maxi-
mizes the coefficient value of NCEHs as analyzed in Eq.
(11). As shown in Fig. 7(a), the even-order harmonics
8under a THz field is significantly higher than its coun-
terpart without the THz field, and the amplitude rela-
tive to their adjacent odd-order harmonics becomes even
more significant when the order approaching the cutoff.
On the contrary, in Fig. 7(b), when φ = 0, the even-
order harmonics vanish and the harmonic distribution in
the presence of THz field is exactly the same as the one
without the THz field. Except for even-order harmon-
ics, the harmonics of other energies are almost identical
between panels (a) and (b), showing they are much less
influenced by the THz field. As indicated by insets of
Fig. 7, at φ = pi/2 (φ = 0), the center of the femtosec-
ond pulse is at the maximum (the zero-point) of the THz
electric field. The coincidence of the NCEHs yields with
the THz electric field shows the feasibility to reconstruct
the latter using the former.
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Figure 8. Reconstruction of time-domain spectrum of THz
waves. (a) The parameters are the same as used in Fig. 1.
ω0 = 0.0353 (1.3 µm), E0 = 0.06 (I = 1.3 × 1014 W/cm2),
σ = 2106 (FWHM of 120 fs), ω1 = 2 × 10−4 (1 THz), and
E1 = 2 × 10−5 (100 kV/cm). (b) ω0 = 0.1139 (400 nm),
E0 = 0.06 (I = 1.3×1014 W/cm2), σ = 702 (FWHM of 40 fs),
ω1 = 0.003 (20 THz), and E1 = 2×10−5 (100 kV/cm). Insets
show the temporal profiles E0(t) and E1(t) of the femtosecond
pulse and the THz field, respectively.
In Fig. 8, the reconstruction of THz field from the
NCEHs is demonstrated by examples. Changing the time
delay between the femtosecond pulse and the THz field,
the even-order harmonic nearest to the cutoff on the lower
energy side is retrieved and compared with |E1(t)| of the
THz field. Using the same parameters of fields as men-
tioned above, we present the reconstruction with 78th-
order NCEH in Fig. 8(a), which in general shows a good
agreement of |d(ω)| with |E1(t)|. Another example to
detect the THz field of higher frequency is presented in
(b) to show the universality of the scheme. In order to
resolve the THz field of 20 THz, a femtosecond pulse of
higher frequency is required to guarantee the low ratio
ε = ω1/ω0. Using a 400 nm laser pulse with ε ' 0.03
and reducing the pulse width to 40 fs, the generated
6th-order harmonic can also be used to reveal the time-
domain THz wave. The successful reconstruction of THz
wave of short-time scale suggests the possibility of THz
broadband detection under the aid of the NCEHs mea-
surement.
The applicability of the reconstruction scheme is
closely related to the approximations applied for the anal-
ysis in previous sections. From the temporal perspective,
ε = ω1/ω0  1 is a must, indicating that the char-
acterization of THz field of high frequency needs high
frequency femtosecond pulse. Moreover, the approxi-
mation of Faddeeva function to solve Eq. (14) requires
(ϕ2t/ϕ
2
σ + ϕ
2
σ)/2 > 256, necessitating ϕσ > 23, suggest-
ing a femtosecond pulse should contain as least 9 cycles
within its FWHM. The range of ϕσ also naturally satisfies
both conditions that η = ϕτ/ϕσ  1 and eϕtϕτ/ϕ2σ ' 1 to
derive (16) from (15). In general, the scheme favors the
use of large ϕσ, which also helps suppress the sideband
caused by the finite pulse width. Nevertheless, a smaller
ϕσ allows for a better time resolution of the waveform
reconstruction. Therefore, a balance inbetween should
be considered for the choice of ϕσ, which also depends
on the frequency range of THz field to detect.
In addition, the choice of laser parameters, includ-
ing field amplitudes E0, E1 and frequency ω0, is critical
to the applicability of the reconstruction scheme. The
small value of the argument of the Bessel function in
Eq. (10) imposes the condition |ε(A0A1/ω0)C1(ϕτ )| =
|(E0E1/ω30)C1(ϕτ )| < 1. As shown in Fig. 4, the value of
|C1(ϕτ )| ∈ [1.7, 5.2] when ϕτ ∈ [3, 5] for near-cutoff har-
monics allows for an estimation of the loosely restricting
criterion, E0E1/ω30 < 0.2. Moreover, neglecting the THz
field E1(t) in the prefactor of dipole matrix elements,
µ∗[pst(ϕt, ϕτ ) +A(ϕt)]µ[pst(ϕt, ϕτ ) +A(ϕt−ϕτ )]E(ϕt−
ϕτ ), requires E1  E0. Both conditions indicate an up-
per limit for E1. That is, the detected THz field in this
work is not supposed to be overwhelmingly intense, oth-
erwise the approximation of the Bessel function in Eq.
(10) breaks down, resulting in nonvanishing high-order
components that contribute to other complicated effects
accompanied by a strong low-frequency field, e.g., the
field-induced multi-plateau structure. Since the theory
works in the tunneling regime, Ip 6 2Up, the femtosec-
ond laser also satisfies E20 > 2ω20Ip.
Besides the conditions required to justify the recon-
struction scheme, we also need to take the finite signal-
to-noise ratio into account. The even-order harmonics
should be large enough to observe. Assumming the am-
plitude of even-order harmonics to the adjacent odd-
order one is no less than one percent, we may impose
an extra condition with the coefficients of harmonics,
εA0A1/2ω0 = E0E1/2ω
3
0 > 10
−2, yielding E0E1/ω30 >
0.02. In contrast to the condition specified by the ap-
9proximation of Bessel function, it indicates the field am-
plitudes should be large enough to generate even-order
harmonics.
Figure 9. Available parametric range for THz reconstruction
with NCEHs.
All above conditions for the reconstruction scheme can
be pictorially illustrated in the parametric space as shown
in Fig. 9, where the appropriate parametric range is
highlighted. When E1 of the THz field is low, a fem-
tosecond pulse of longer wavelength avails the measure-
ment; on the contrary, the THz field of increasing E1 re-
quires a femtosecond pulse of higher ω0, whose optional
frequency range also becomes broader. Concerning the
relation ε = ω1/ω0  1, the accessible frequency of the
THz field for waveform reconstruction thus depends on
field amplitudes. Especially both E0 and E1 being high
favors the use of higher ω0, allowing for the detection of
THz field of higher ω1.
IV. SUMMARY AND CONCLUSION
The harmonic generation by a half-wave symmetric
driving laser that interacts with isotropic media has long
been known to yield odd-order harmonics only [35]. The
emergence of even-order harmonics usually attributes to
certain broken symmetries [36], e.g., the THz field in-
duced broken symmetry in this work. Here, the even-
order harmonic generation near the cutoff is found to
have a particularly synchronous relation with the THz
electric field. The analytical derivation with perturba-
tive expansion shows the NCEHs originate from the first-
order correction with regard to the ratio between frequen-
cies of the THz field and that of the femtosecond laser
pulse. The linear relation between the NCEH amplitude
and the THz electric field derives from an approximation
of the Bessel function, which can be fulfilled by the spe-
cific range of return time corresponding to the near-cutoff
energy region.
The direct mapping from the THz field to NCEHs thus
provides an alternative conceptually simple approach to
reconstruct time-domain THz wave from NCEHs. The
proposal to measure NCEHs as a function of the time
delay between the femtosecond laser pulse and the THz
field has been numerically verified, showing the appli-
cability of the method for the broadband THz detection.
The analytical derivations also help identify the paramet-
ric region for such applications, indicating high-frequency
THz field characterization should require higher laser in-
tensity. The encoding of the time-domain information of
THz wave into NCEHs may inspire new routes towards
the realization of coherent detection in broad spectral
range.
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